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ABSTRACT. We study the topology of the space of positive scalar curvature metrics on 
high dimensional spheres and other spin manifolds. Our main result provides elements of 
infinite order in higher homotopy and homology groups of these spaces, which, in contrast 
to previous approaches, are of infinite order and survive in the (observer) moduli space of 
such metrics. 

Along the way we construct smooth fiber bundles over spheres whose total spaces have 
non- vanishing A-genera, thus establishing the non-multiplicativity of the A-genus in fibre 
bundles with simply connected base. 



1. Introduction and summary 

The classification of positive scalar curvature metrics on closed smooth manifolds is a 
central topic in Riemannian geometry. Whereas the existence question could be resolved in 
many cases and is governed by the (stable) Gromov-Lawson conjecture (compare e.g. ETl 
[191 ), information on the topological complexity of the space of positive scalar curvature 
metrics on a given manifold M has been sparse and only recently some progress could be 
made MM- 

We denote by Riem + (M) the space of Riemannian metrics of positive scalar cur- 
vature, equipped with the C°° -topology, on a closed smooth manifold M, If it is not 
empty, we want to give information on the homotopy groups 7Tfc(Riem + (M), g ) for 
go € Riem + (Af) in the different path components of Riem + (Af). One method to con- 
struct non-zero elements in these homotopy groups, developed by Hitchin, is to pull back 
go along a family of diffeomorphisms of M. In lfl2l Theorem 4.7] this was used to prove 
existence of non-zero classes of order two in tti (Riem + (M) , go ) for certain manifolds M. 
In (6] Corollary 1.5] this method has been refined to show that there exist non-zero ele- 
ments of order two in infinitely many degrees of 71% (Riem + ( Af ) , go), when M is a spin 
manifold admitting a metric go of positive scalar curvature. 

In our paper we construct non-zero elements of infinite order in iTk (Riem (M),go) for 
k € N, amongst others. Our construction is quite different from Hitchin's in that it does 
not rely on topological properties of the diffeomorphism group of M, 

Our first main result reads as follows. 

Theorem 1.1. Let k > be a natural number. Then there is a natural number N(k) with 
the following properties: 

a) For each n > N(k) and each spin manifold AT admitting a metric go of positive 
scalar curvature and of dimension An — k — 1, the homotopy group 

7r fc (Riem+(M), 3o ) 

contains elements of infinite order ifk > 1, and infinitely many different elements 
if k = 0. Their images under the Hurewicz homomorphism in iJ fe (Riem+(M)) 
still have infinite order. 
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b) For M = S 4n k 1 , the images of these elements in the homotopy and homology 
groups of the observer moduli space Riem + (5 4n ~ fe_1 )/Diff. Eo (.S' 4 "~' £ ~ 1 ), see 



Definition 1.2 have infinite order. 

For k = these statements are well known with N(k) = 2 and Diff (S' 4 ™ -1 ) instead of 
DiS XQ (S 4 ™- 1 ), see El Theorem IV.7.7] and QUI Theorem 4.47]. 

Refined versions of part b) of Theorem |1.1| will be stated in Theorems 1.10 and 1 1 . 1 1 1 
below. 

Remarkably, at the end of [ 10 Section 5] Gromow and Lawson write: "The construction 
above can be greatly generalized using Browder-Novikov Theory. A similar construction 
detecting higher homotopy groups of the space of positive scalar curvature metrics can 
also be made." It is unclear to us in what sense Browder-Novikov theory might directly 
lead to a result similar to our Theorem |1.1| or what Gromov and Lawson mean by "A 
similar construction". From this point of view our paper makes precise these somewhat 
challenging remarks. 

Recall that the diffeomorphism group Diff(M) acts on Riem + (M) via pull back of 
metrics. The orbit space Riem + (M)/ Diff(M) is the moduli space of Riemannian metrics 
of positive scalar curvature. Because the action is not free (the isotropy group at g G 
Riem + (M) is equal to the isometry group of g, which is a compact Lie group by the 
Myers-Steenrod theorem) it is convenient to restrict the action to the following subgroup 
of Diff (M), which acts freely. 

Definition 1.2. Let M be a connected smooth manifold and let xq G M. The diffeomor- 
phism group with observer Diff XQ (M) is the subgroup of Diff (M) consisting of diffeo- 
morphisms <f>: M — »• M fixing x$ G M and with D Xo (f> — idr x Ki- 
ll is easy to see that DiE Xo (M), other than Diff (A/), acts freely on the space of Rie- 
mannian metrics on M (as long as M is connected). The orbit space Riem + (M) / Diff Xo (M) 
is called the observer moduli space of positive scalar curvature metrics. 

The construction of Theorem 1 1 . 1 1 is based on the following fundamental result, which 
we regard of independent interest. 

Theorem 1.3. Given k, I > there is an N — N(k, I) G N>o with the following prop- 
erty: For all n > N, there is a An- dimensional smooth closed spin manifold P with 
non-vanishing A-genus and which fits into a smooth fiber bundle 

F P S k . 

In addition we can assume that the following conditions are satisfied: 

(1) The fiber F is l-connected, and 

(2) the bundle P S has a smooth section s: S k — > P with trivial normal bundle. 

Recall [5 1 that in a fibre bundle F —> E —> B of oriented closed smooth manifolds the 
Hirzebru ch £ -genus is multiplicative, if B is simply connected: L(E) = L(B) ■ L(F). 
Theorem 



1.3 



shows that a corresponding statement for the A-genus is wrong, even if B is 
a sphere. 

We remark that our construction, which is based on abstract existence results in differ- 
ential topology, does not yield an explicit description of the diffeomorphism type of the 
fiber manifold F. 



Remark 1.4. In Theorem 1.3 we can assume in addition that a(F) = by taking the 
fibre connected sum of P with the trivial bundle S k x (— F) —> S k where — F denotes 
the manifold F with reversed spin structure (so that — F represents the negative of F in 
the spin bordism group). This can be done al ong a trivialized normal bundle of a smooth 



section s : S k — » P as in point ^ of Theorem 



1.3 



In this case the fibre F carries a metric of positive scalar curvature by a classical result of 
Stolz [20), if I > 1 and dimF > 5. But note that there is no global choice of such metrics 
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Figure 1. 



on the fibres of E — > S depending smoothly on the base point, because this would imply 
that P carries a metric of positive scalar curvature by considering a metric on P whose 
restriction to the vertical tangent space coincides with the given family of positive scalar 
curvature metrics, shrinking the fibres and applying the O'Neill formulas HI Chaper 9.D.]. 
However, this is impossible as P is spin and satisfies A(P) ^ 0. 

Let us point out an implication pertaining to diffeomorphism groups. For an oriented 
closed smooth manifold F and a pointed continuous map <fi: (S k , *) — > (Diff + (F), id) 
into the group of orientation preserving diffeomorphisms of F we define 

M = (S k x [0, 1] x F) I (x, 0, /) ~ (x, 1, <P(x, /)) 

where ip: S k x F — > F is a smooth map homotopic to the adjoint of <p and inducing 
diffeomorphisms ip(x, — ) : F — > F for each x € S k (there is a canonical isotopy class 
of such maps ip). We can regard as the total space of a fibre bundle F — > — > 
S k x S 1 obtained by a parametrized mapping cylinder construction for i/j(x, — ). The 
diffeomorphism type of this bundle depends only on the homotopy class of (\>. 
For each k > this leads to a group homomorphism 

i Diff : 7r fc (DifT + (F),id) Q, [4>] ^ i(M^). 

that the invariant Aoifi is integer valued, if F admits a 



2.2 



It will follow from Proposition '. 
spin structure. 

Corollary 1.5. For each k > there is an oriented closed smooth manifold F such that 
the homomorphism ^Diff : (Diff + (F) , id) — > Q is non-trivial. 

To our knowledge, this is new for all k > 0. 

Proof. Take a bundle F->P^S lr 
by a clutching construction 

P = {D k+1 x F) (D k+1 x F) 
for an appropriate smooth map ip : S k x F — > S k x F. Denote by 

(W;S k x I,D k+1 



1.3 The total space can be obtained 



dl) c D k+1 x I 

the standard bordism relative boundary of an index-zero surgery, as depicted in the upper 
part of Figure 1. Using ip to identify the left with the right end of W x F produces 
a bordism between P and the required bundle over S k x S 1 . The result follows from 
bordism invariance of the A-genus. □ 
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The proof of Theorem |1.3| is based on results from classical differential topology: 
Surgery theory Q, Casson's theo ry of pre-fibrations [4] and Hatcher's theory of concor- 
dance spaces ifTTl . Theorem 1 1 . 1 1 for M = ,5 4 ™- fe -i follows from this with the use of 
Igusa's fiberwise Morse theory 11141 and Walsh's generalization of the Gromov-Lawson 
surgery method to families of generalized Morse functions with critical points of codimen- 
sion at least three l22l . 

We will now formulate part b) of Theorem |1.1| in a more general context. 

In order to express the fact that, contrary to the constructions in ifTZll and @, our fam- 
ilies of metrics in Theorem |1.1| are not induced by families of diffeomorphisms of M, we 
propose the following definition. 

Definition 1.6. Let M be an oriented closed smooth manifold and let go be a positive 
scalar curvature metric on M. A class c G nk (Riem + (M) ,go) is called not geometrically 
significant if c is represented by 

S k ->■ Ricm+(M), t k> <j)(t)*g 

for some pointed continuous map 4>: (S k , *) — > (Diff + (M), id). Otherwise, c is called 
geometrically significant. 

Note that the homotopy classes of JSJE) are by their very construction not geometri- 
cally significant. 

Remark 1 .7. An even stronger version of geometrically significant would require that c is 
not represented by <j>(t)*go for arbitrary maps <f>: S — > Diff(M), i.e. in addition to the 
diffeomorphisms of Definition 1 .6 one allows for pullback with a further fixed isometry 
of go, which might not be orientation preserving or lifteable to the spinor bundle ("spin 
structure preserving"). We leave it as an exercise that all statements about existence of 
geometrically significant metrics can be improved to this stronger version — using the fact 
that the group of spin structure preserving diffeomorphisms has finite index in the group 
of all diffeomorphisms. 

Definition 1.8. Let F be an oriented closed smooth manifold. We call F 

• an A-multiplicative fiber in degree k if for every oriented fiber bundle F — >• E —> 
S k+1 we have A(E) = 0, i.e. the map A: 7r fc (Diff + (F), id) -> Q defined before 
Corollary 1 1.5 1 is zero. 

• a strongly A-multiplicative fiber in degree k, if for every oriented smooth fiber 
bundle F — > E — » B over a closed stably parallelizable manifold B of dimension 
k + 1 we have A(E) = 0. 

Proposition 1.9. a) If F has vanishing rational Pontryagin classes, in particular if it 
is stably parallelizable or a rational homology sphere, then F is an A-multiplicative 
fiber in any degree. 
b) Every sphere is a strongly A-multiplicative fiber in any degree. 

Proof. For a) we observe that F is framed in E, so that the rational Pontryagin classes 
Pi(E) restrict to Pi(F) = 0. The long exact sequence of the pair (E, F) implies that all 
Pi {E) pull back from H*(E, F). 

Denote by the upper and lower hemisphere of S n , respectively. By excision and the 
Kiinneth isomorphism we obtain isomorphisms of rational cohomology rings 

H*(E,F)=H*(E,E\ Dl )=H*(E\ Dn _ 1 E\ Sn - 1 ) = H*{F)(g>H*(D1,S n - 1 ). 

But in H* (D™, S™' 1 ) all non-trivial products vanish, and hence the same is true for 
H*(E,F). 

So there are no non-trivial products of Pontryagin classes in E. It follows that the A- 
genus of E is a multiple of the signature of E, which is known to vanish in fibre bundles 
over spheres. 
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Assertion b) follows by the rational homeomorphism invariance of Pontryagin classes 
and the fact that spheres have contractible homeomorphism groups by the Alexander trick. 

□ 

Unfortunately we do not know any other examples of strongly A-multiplicative fibres. 



Theorem 1.10. In the situation of part a) of Theorem 1.1 assume in addition that the 
manifold M is a connected A-multiplicative fiber in degree k. Then 7Tfc(Ricm + (M), go) 
contains infinitely many geometrically significant elements. If k > it contains elements 
all of whose multiples are geometrically significant. 

The images of these elements under the Hurewicz map have infinite order. 

This is slightly stronger than part a) of the following Theorem, due to the appearance of 
Difi%(M). 



Theorem 1.11. In the situation of part a) of Theorem 1.1 

a) if in addition M is an A-multiplicative fiber in degree k, the map 

7r fe (Riem + (M), 9o ) -► 7r fe (Riem+(M)/Diff :Co (M), [ 9o ]) 

has infinite image. If k > 1, the image contains elements of infinite order. 

b) if in addition M is a simply connected strongly A-multiplicative fibre in degree k, 
the image of the map 

7T fe (Ricm+(Af),«? ) -> H k (Riem+(M)/DiS X0 (M)) 
contains elements of infinite order. 

Part b) of Theorem | l.l| is the case M = S in ~ k ~ l of the last result. 

The elements in 7Tfc(Riem + (M), g ) constructed in |6][l2) can in fact be obtained by 
pulling back g along families in Diff Xo (M). Hence these elements are not only not ge- 
ometrically significant, but are even mapped to zero under the map in part a) of Theorem 

inn 

In J3 the authors constructed, for arbitrary k > 1, non-zero elements in the 4fc-th 
homotopy groups of the full moduli space Riem + (M) /Diff(M) of certain closed non-spin 
manifolds M of odd dimension. These elements can be lifted to Riem+ (M) / Diff XQ (M), 
but not to Riem + (M). 

It remains an interesting open problem whether there are examples of manifolds M 
for which any of the statements of Theorem 1 1 . 1 1 1 remain valid for the full moduli space 
Riem + (A/)/Diff(M). 

2. APS INDEX AND FAMILIES OF METRICS OF POSITIVE SCALAR CURVATURE 

Let M be a closed spin manifold admitting a metric g of positive scalar curvature. The 
following discussion relies on a homomorphism 

A n : f^ pin (Riem+(Af)) -> Z 

constructed as follows. On a compact Riemannian spin manifold (W, gw) with boundary 
and with positive scalar curvature on the boundary (the Riemannian metric always assumed 
to be of product form near the boundary) the Dirac operator with Atiyah-Patodi-Singer 
boundary conditions is a Fredholm operator. Equivalently, if one attaches an infinite half- 
cylinder dW x [0, oo) to the boundary and extends the metric as a product to obtain Woo, 
the Dirac operator on L 2 -sections of the spinor bundle on Woo is a Fredholm operator. This 
uses invertibility of the boundary operator due to the positive scalar curvature condition. 
Both operators have the same index, the APS index md(D gw ) € Z, which depends on the 
Riemannian metric on the boundary. 

We collect some well known properties of this index. A detailed discussion can be 
found in OSJ. 
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(1) If gw is of positive scalar curvature, we have md(D gw ) = 0. This follows from 
the usual Weitzenbock-Lichnerowicz argument. 

(2) ind(D gnr ) is invariant under deformations of the metric gw during which the met- 
rics on the boundary maintain positive scalar curvature. This follows from the 
homotopy invariance of the indices of Fredholm operators. 

(3) The index can be computed by the APS index theorem 

md(D gw ) = [ A(W)-\r 1 (dW), 

which involves the ^4-form and the ^-invariant of Atiyah-Patodi-Singer. 

(4) (Gluing formula) If (V,gv) is another Riemannian spin manifold and there is a 
spin preserving isometry -0 : dV — > — dW, then ind(D Sl , )+md(_D gH , ) = A(VU^ 
W) where A is the usual A-genus of the closed spin manifold V W. 

Definition 2.1. Let M —> E —> B be a smooth fibre bundle of closed manifolds, gs be a 
Riemannian metric on B, let H be a horizontal distribution on E and (gb)be s be a smooth 
family of positive scalar curvature metrics on the fibres of E. Combining these data we 
obtain a Riemannian metric gs = gs ffi (gb) on the total space E, where gs is lifted to 
horizontal subspaces of E using the given distribution T~L. Note that (E, gs) — > (B, gs) is 
a Riemannian submersion. 

Using the O'Neill formulas [1, Chaper 9.D.] there is an e > with the following 
property: For each < e < eq the metric gs © (e ■ gb) on E is of positive scalar curvature. 
We call such an eo an adiabatic constant for the triple (E, gB,H). 

Assume that B and M are closed spin manifolds and (f> : B — > Ricm + (M ) is a contin- 
uous map. This induces a family (gb)be b of positive scalar curvature metrics on M, which 
can be assumed to be smooth after a small perturbation. After picking some metric gs 
on B we can consider both the product metric gs ® go, and the metric gs S3 (gb)be b on 
B x M. 

We now multiply both fibre metrics on B x M — > B with adiabatic constants so that the 
resulting metrics on B x M are of positive scalar curvature and denote these new metrics 
by the same symbols. Let g — g(Bx[o,i])xM t> e an arbitrary metric on (B x [0, 1]) x M 
interpolating between the metrics gs ® go on (B x 0) x M and gs © (gb) on (B x 1) x M 
(always of product form near the boundaries) and set 

A n {4>) = ind(D 9 ) € Z, 

the APS-index of the Dirac operator D g for the metric g on the spin manifold (B x [0, 1]) x 
M. Note that ind(D g ) is equal to the relative index i(gs © go , gB © (gb)) of Gromov- 
LawsonElp. 329]. 

We will show that the invariant Aq is well defined on f^ pm (Riem + (M)). 

• If we choose a different metric on B or scale the metrics go and (gb) by other 
adiabatic constants, the index ind(D g ) remains unchanged by property (2) above. 

• If we choose another metric g' on (B x [0, 1]) x M interpolating between the two 
given metrics on the boundary, the gluing formula implies 

ind(L> 9 ) - ind(ZV) = A(M x B x S 1 ) = 

using the fact that the A-genus is multiplicative in products. 

• Now assume that (W, gw) is a compact Riemannian spin manifold of dimension 
k + 1 with boundary B and that (g w ) w( zw is a smooth family of positive scalar 
curvature metrics on M restricting to a given family (gb)beB over B. We also 
consider the constant family (go) on M. With respect to the given metric gw on 
W we scale both fibrewise metrics on W x M by adiabatic constants. 
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By the gluing formula and the fact that the APS-indices of both metrics on 
W x M vanish, we obtain (with g = <7(bx[o,i])xM as before) 

ind(D g ) = wd(D gw(Bgo ) + ind(L> g ) + md(D gw(Bigw)wew ) = A(X), 

where 

X = (W IW =BX{0} B x [0, 1] U Bx{1}=aw W) x M. 

Because X is spin and M admits a metric of positive scalar curvature we have 
A(X) — and hence md(D g ) = 0, as required. 
Letgo € Ricm + (M). Using composition with the canonical map 7Tfc(Riem + (M), go) — > 
fif pm (Riem+(M)) we also define 

A„: 7r fe (Riem+(Af),.g ) — > ftf pm (Riem+(M)) M 1 

for all fc > 0. This is a group homomorphism for k > and a map of sets for k = 0. 

The action of Diff (M) on Riem + (M) by pull back induces an action of 7Tfc(Diff(M), id) 
on 7Tfe(Riem + (M), go)- F° r a pointed map <f): (S ,*) — s- (Diff (M), id) and a familiy 
c = (gt)tes k based at go the pair ([0] , [c]) is mapped to the homotopy class represented by 
the family (4>(t)* gt)tes k > which we denote by <f>*c for short. 

Proposition 2.2. For a closed spin manifold M and [(f)] € itk (Diff + (M) , id) we have 

A v (cj)*c) = A ms (4>) + A„(c) 



with Ax3is((j)) as defined before Corollary 1.5 In particular the invariant A^r is integer 
valued on spin manifolds. 

Proof. We observe that each diffeomorphism S x M — > S k x M has a power which is 
spin preserving. In order to prove the identity 

i w (0*( C ))-,M C ) = i(M ), 

both sides of which define group homomorphisms 7Tfc(Diff + (M), id) — > Q (for the left 
hand side use isometry invariance of the APS index), it is therefore enough to assume that 
the map S k x M —> S k x M adjoint to <j> is spin preserving. In this case the assertion 
follows from the gluing formula for the APS index. □ 

The value of A v on the constant family (go) is zero. Hence we obtain 

Corollary 2.3. Let M be an A-multiplicative fibre in degree k. If c £ 7r/ £ (Ricm + (M), g ) 
is not geometrically significant then (c) = 0. 

By considering the long exact sequence in homotopy associated to the fibration 

Riem+(M) ^ Riem+ (M) / Diff Xo (M) -> BDiff^^M) 

we also have 

Corollary 2.4. Let M be a connected A-multiplicative fibre in degree k. Then the map 
A^ : 7Tfc(Riem + (M), g ) — > 7L factors through the image of the projection-induced map 

7r fc (Riem + (Af), 5o ) -> 7Tfc(Biem + (M)/ Dffi Xo (M), [g ]). 

In particular, if the image of A^ is infinite, the group nk (Riem + (M) / Diff X(l (M) , [go] ) 
contains an element of infinite order if k > 1, and infinitely many elements if k = 0. 
In passing we also note the following consequence. 

Corollary 2.5. Let F be a manifold as in Remark \l . 4\ admitting a positive scalar curvature 
metric g . Then tt^ (Riem + (F) , g ) contains elements of infinite order ( and infinitely many 
elements for k — 0), which are not geometrically significant. 
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3. Fiberwise Morse theory and metrics of positive scalar curvature 

Let B be a closed smooth connected manifold and let W be a smooth n+ 1 -dimensional 
compact manifold with two connected boundary components Mq = d^W andA/ x — d{W . 
We assume throughout this section that dim W = n + 1 > 6. Let 

W ^ E A B 

be a smooth fiber bundle with structure group Diff (W; Mo, Mi) consisting of diffeomor- 
phisms W W mapping Mj to Mj for i = 0, 1 and preserving pointwise some collar 
neighborhoods of Mo and M% in W. Then the total space E has again two boundary 
components d{E which are total spaces of fiber bundles Mi <^-> diE —> B. 

In the following discussion, the notion fiberwise in connection with a mathematical 
object defined on E is a shorthand for the fact that this object is defined or constructed 
on each fiber E t = i _1 (t) C £, ( £ B, but still defines a global object on E. In this 
terminology, the fiberwise tangent bundle of E is equal to the vertical tangent bundle 

T vert E = ker ( T7r: TE _> T _g) _> E 

and a fiberwise Morse function is a smooth function E — > K which restricts to a Morse 
function on each fiber 



Theorem 3.7 below states when a fiberwise metric of positive scalar curvature on 8qE, 
i.e. a smooth metric on T vert (d$E) that restricts to a metric of positive scalar curvature 
on each fiber (doE) t , can be extended to a fiberwise metric of positive scalar curvature on 
E. This is a fibered version of the well known fact, due to Gromov-Lawson, Schoen-Yau 
and Gajer, that if M% ^ W is a 2-equivalence (inducing a bijection on tto and tti and a 
surjection on 712), then a positive scalar curvature metric on Mq can be extended to W, cf. 
||2T1 Theorem 3.3]. This uses a handle decomposition of W induced by a Morse function. 
In a fibered situation the situation is more complicated, because it is in general not possible 
to construct a fiberwise Morse function on E — > B. We handle this situation by combining 
Igusa's theory of fiberwise generalized Morse functions lfT4ll with Walsh's generalization 
of the Gromow-Lawson surgery method to a fibered situation El . 

The following discussion summarizes [ 14, §3] in a form needed for our purpose. Let M 
be a compact smooth manifold. Recall that a smooth function 

/ : M -> K 

is a generalized Morse function, if the gradient of / is transverse to dM, and each crit- 
ical point p G M of / is either of Morse or birth-death type. By definition, in the first 
case there are local coordinates (xi , . . . , x s , y-y , . . . , y t ) around p so that p has coordinates 
(x(p),y(p)) = (0, 0) and / can locally be written as 

f{x, y) = f(jp) - x\ - . . . - x\ + y\ + . . . + y\. 

In the second case there are local coordinates [x,y\, . . . ,y^,z\, . . . ,z\) around p so that p 
has coordinates (x(p),y(p), z(p)) — (0, 0, 0) and / can locally be written in the form 

f(x, y, z) = f{p) + x 3 - y\ - .. .- y\ + z\ + . . . + zf . 

The type of the critical point as well as the numbers s and k are uniquely determined by 
p and /. In the first case (of a Morse singularity) we say that p is a critical point of index 
s, in the second case (of a birth-death singularity) we say that p is a critical point of index 
k + 1/2. This is motivated by the fact that in a parametrized family of Morse functions 
birth-death singularities typically arise in the situation when two critical points of index k 
and k + 1 cancel each other along a one-parameter sub-family. The normal form for such 
a family is ft(x, y, z) = fo(p) + x 3 — tx — y 2 + z 2 . Note that in [ 14 1 the index of a 
birth-death singularity as above is defined to be k. 
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Definition 3.1. By a generic family of generalized Morse functions on the bundle E — > B 
we mean a smooth function 

F: E ->■ [0,1] 

with the following properties: 

• d E = F-^Q), &F = 

• The function F is fiberwise generalized Morse, i.e. for each t € B the restriction 

/ ( = F\ Et : Ek -> [0, 1] 

is a generalized Morse function. 

• The birth-death points in each f t are generically unfolded, i. e. they represent a 
transversal intersection of the fiberwise 3-jet defined by F and the subspace of 
fiberwise birth-death 3-jets inside the bundle of fiberwise 3-jets of smooth func- 
tions E — > R, compare [ 14] §2]. 

This is essentially a global version of lfl4l Definition 3. 1] on a non-trivial (as opposed to 
a product) bundle E. However, we do not require "linear independence of the birth direc- 
tions of the different birth-death points of a fixed fiber F t ", following more El Definition 
4.8] at this point. 

For a smooth function F : E — > [0, 1] we denote the subset of fiberwise critical points 
in E by E(F). We remark that if F is a generic family of generalized Morse functions 
then the subsets 

Ai(F)cF, A 2 (F)cE 
of fiberwise Morse and birth-death singularities are smooth submanifolds of E of dimen- 
sion dimS and dimF — 1 respectively. The manifold ^(F) is closed and S(F) = 
Ai(F) U Aa(F). Furthermore, tt restricts to an immersion 7r| : A%{F) — > B. For these 
statements, compare [14, Lemma 3.3]. The additional property of self-transversality of 
7r| : A 2 (F) —> B obtained in lfT4l Lemma 3.3] cannot be assumed in our situation because 
we do not insist on linear independence of different birth-directions in a fixed fibre. Also 
we remark that in [22 1 the sets Ai(F) and ^(F) are denoted S° and E 1 , respectively. 
We state the following fundamental existence result. 

Proposition 3.2. Let divaW > divaB. Then the generic families of generalized Morse 
functions F : E —¥ [0,1] form a nonempty open subset of C°° (F, [0, 1] ) equipped with the 
C°° -topology. 

Proof. The main result of [ 1 3 1 implies that the space of smooth functions E — > [0, 1] 
which restrict to generalized Morse functions on each fiber is nonempty in C°°(F, [0, 1]). 
The assertion now follows from multijet transversality in the same way the corresponding 
01 Lemma 3.2] follows. □ 

The next proposition shows that we have good control of the index of critical points 
(of Morse or birth-death type) of f t , t € B, for a generic family of generalized Morse 
functions F: E — > [0, 1]. Following 11221 Section 4] we call such a family admissible if 
these indices are of index < n — 2 for each t. (Recall that dim W = n + 1, which is in 
accordance with the convention in [ 14|). 

Proposition 3.3. Assume that dim W > 2 dim B + 5 and that the inclusion Mi ^ W is 
2-connected. Then the space of admissible generic families of generalized Morse functions 
E — > [0, 1] is a nonempty open subset of C°°(E, [0, 1]). 

Proof. This follows from the proof of Proposition |3 .2 1 by applying a variant of Hatcher's 
two-index theorem, see 11141 Corollary VI. 1.4] (with i — 0, j = n — 1, k = dimi?) before 
appealing to multijet transversality. Here we note that the subset of generalized Morse 
functions on W whose Morse critical points have indices at most n — 2 and birth-death 
critical points have indices at most n — 2| (resp. n — 3 in the notation of [ 14 1) is open in 
the set of all C°°-maps. □ 
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We note the following addendum which is proved by the same methods. 



Addendum 3.4. If in the situation of Proposition 3.3 the inclusion M <^-> W is also 2- 
connected, then the space of generic families of generalized Morse functions f: E — » [0, 1] 
with the property that both f and 1 — / are admissible is a nonempty open subset of 
C°°(E,[0,1]). 

For our later discussion we need convenient coordinates around the fiberwise singular 
set for generic families of generalized Morse functions F, cf. [22, Definition 4.3]. 

Because the normal bundles of Ai (F) C E and A 2 (F) c E are in general nontrivial, we 
need to work in a twisted setting. 

Choose a fiberwise Riemannian metric g vert on E, i. e. a smooth section of (T vert E)* ® 
(T verf E)* that defines a Riemannian metric on each E t . At a critical point p E E t of f t 



we obtain an orthogonal (with respect to g vert ) splitting V p + © V~ © V p into positive, 
negative and null eigenspaces of the (fiberwise) Hessian of f t : E t — > K on T p ert E. The 
space Vp is zero if p £ A\ (F) and one dimensional if p € A2 (F) . Hence we obtain vector 
bundles 

V ± — > A 1 (F), V ± -» A 2 (F), V°^A 2 (F) 

so that V + © V~ has structure group O(s) x 0(t) on path components of A\(F) and 
V + © V~ © y° has structure group 0(k) x 0(1) x 50(1) on path components of A 2 (F). 
The numbers s and fc refer to indices of critical points as before and V° is a one dimensional 
real bundle. These indices can of course vary on different path components of Ai(F) and 
A 2 (F). Note that V° — > A 2 (F) carries a preferred orientation pointing in the direction of 
increasing f t for t g A 2 (F). 

In order to describe the behavior of critical points around a birth-death singularity p e 
E t in a coordinate independent way it is useful to choose an additional Riemannian metric 
gs on B and a horizontal distribution on TE together with the lift g hor of gu to this 
horizontal distribution. Together with the metric g verf we hence obtain a Riemannian 
submersion 

(E ig vert ®g hor )^(B,g B ). 
Fixing this, for small enough e > Owe obtain canonical embeddings 

£: A 2 {F) x (-e,e)^E 

restricting to the inclusion A 2 (F) E on A 2 (F) x {0} and so that for each p e A 2 (F) 
the restricted map £: {p} x (— e, e) — > E describes the unique horizontal curve of unit 
speed which maps to a geodesic in B orthogonal to D p ir(T p A 2 (F)) C T^^B and points 
into the birth direction of the birth-death singularity p. 

For such an e > consider the vector bundle of rank n + 1 

V* = pr*i(V° © V- © V+) ->• A 2 (F) x (-e, e) 

i.e. the pull back of T vert E\ A ^ F) to A 2 (F) x (-e, e) along the projection pr x : A 2 (F) x 
(— e, e) — > A 2 (F). The vector bundle V e splits in a canonical way as 

V e = V e '° © V e '- © T/ e '+ . 

We equip V e with the pull back metric of the induced metric on T vert E\A 2 (F) an d consider 
for 5 > the disc bundle Ds(V e ) —> A 2 (F) x (— e,e). An extended tubular neighborhood 
around A 2 (F) is a smooth embedding 



4: D S (V C )^E 
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so that the diagram 

D S (V*) *—^E 

A 2 (f)x(-e,e)^B 

commutes. This is exactly the global version (on non-product bundles) of the normal form 
defined in [14, Appendix, Lemma 3.5]. 

After choosing some local isometric trivialization 

E ver % = (/ x M x x R 1 

over an open subset U C A 2 (F), where the isomorphism on the M-factor is orientation 
preserving, we obtain a corresponding local isometric trivialization 

V e \ux(-e,e) =(Ux (-e,e)) xMxM'xM 1 

so that we can work with local coordinates (p, s, x, y, z) £ A 2 (F) x (— e, fjxixl'xR 1 . 
For the following definition compare lfl4l Appendix, Definition 3.9]. 

Definition 3.5. Let g vert be a fiberwise Riemannian metric on E. We call a generic family 
of generalized Morse functions F: E —> [0, 1] in normal form with respect to g vert , if 
there are numbers a, r > 0, <5 > 3er and e > a 2 and an extended tubular neighborhood 

<t>: D s (V e )^E 

(with respect to some horizontal metric g hor as before) so that 

• <f> is fiberwise isometric, 

• for all {(p, s, x, y, z) £ D 3rT (V e ) \ \s\ < a 2 } the function F o <f> is given by 

(s,x,y,z) n- F(p) +g s (x) - \\y\\ 2 + \\z\\ 2 

where 

g s : K -> R, s G \-a 2 ,a 2 } 

is the smooth family of functions of [ 14 Appendix, Lemma 3.7] (with the chosen 
a and r), 

• for each critical point 

q E Ai(F) \ <j>({(p, s, x, y, z) G D 3a (V e ) \ \s\ < 2 -a 2 }) 

there is an isometric embedding /i: D" +1 — > E„( p ) mapping the midpoint 
of the disc £>" +1 C R n+1 of radius r (which is equipped with the standard metric) 
to q and so that F is given by 

n+l 

F(fi{z u ...,z n+1 )) = F{q) + J2±zf , 

i=l 

where [z\, . . . ,z n+ i) are the standard coordinates of Furthermore, the 

embedding \i can be assumed to vary smoothly on a contractible neighborhood of 
qmA x {F). 

We obtain the following existence result. 

Proposition 3.6. Assume that dim W > 2 dim B + 5 and that the inclusion M% W is 
2-connected. Then there is a fiberwise Riemannian metric g vert on E and a generic family 
of generalized Morse functions F: E — X [0,1] which is admissible and in normal form 
with respect to g vert . 
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Figure 2. 



Proof. The proof is along the lines of the proof of [ 14, Appendix, Theorem 3.10]. Here we 
notice that in Igusa's work this proof is given for the case when the bundle E = W x B — > 
B is trivial, but under the general assumption that E vert \^ 1 ^ F - j and E vert \^ F \ are non- 
trivial. Because the deformations of / and g vert are carried out loc. cit. in a coordinate 
independent way, the same proof can be used to treat the general case of the nontrivial 
bundle W E — > B appearing in our discussion. □ 

Combining this result with El Theorem 1 .4] we obtain 

Theorem 3.7. Assume that dim W > 2 dim B + 5 and that the inclusion M\ <-> W is 
2-connected. Also assume that there exists afiberwise metric of positive scalar curvature 
on afiberwise collar neighborhood ofd$E C E which is fiberwise of product form on this 
collar neighborhood. Then this metric can be extended to a fiberwise metric of positive 
scalar curvature on E — > B which is fiberwise of product form on a fiberwise collar 
neighborhood of d\E in W . 



4. HOMOTOPY CLASSES OF POSITIVE SCALAR CURVATURE METRICS 

Using the invariant Aq from Section [2] it is now rather straightforward to prove Theo- 



rems 



1.1 1 1 . 1 and 1 1 . 1 1| assuming Theorem |1. 3 1 
We fix k > and pick a bundle P —> S k whose total space is of non-zero A-genus and 
of dimension An, where we also fix I = 2 and require An > 3k + 5 (i. e. the fibre dimension 
satisfies An — k > 2k + 5). Note that this and Theorem 11.31 determines the lower bound 



N(k) on n for our main theorems. We assume conditions ([!]) and (j2j) of Theorem 1.3 



Let s : S — > P be a smooth section with trivialized normal bundle. Inside the resulting 
embedding of S k x D An ~ k we construct an embedding 

p: S k x (D in ~ k U D ^- k -i x0 D 4 "-*- 1 x [0, 1] U D 4„- fc -i xl D in - k ) <-> P. 
Removing the interiors of the two copies of S k x D in ~ k yields a fibration 

W <-» E S k 

where E has two boundary components d^E and d\E each of which may be identified (by 
the map p) with the total space of the trivial fibration S k x 5 4 ™- fe - 1 — >. S k . Furthermore 
the bundle E comes with a fibrewise embedding of S k x D 4 ™-**- 1 x [0, 1] meeting 8qE 
and diE in S k x £> 4n - k -^ x and S k x £) 4 «- fe - 1 x 1, respectively. A typical fiber W 
is displayed in Figure 2. 

We use this embedding to form the fiberwise connected sum of E — >• S k with the trivial 
bundle S k x (M x [0, 1]) — > S k (the interval [0, 1] being embedded vertically in each fibre 
of E) to obtain a new fibre bundle 

W M ^ E M S k 

where each fibre Wm is a bordism from M to M. Figure 2 illustrates how a typical fibre 
of this bundle emerges from the connected sum of W and M x [0, 1]. 
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For keeping our notation short we drop the index M from now on and call this new 
bundle W -> E — > S k again. 

If I = 2 and the fiber dimension satisfies An — k > 2k + 5, we can apply Theorem 



3.7 so as to extend the constant fiberwise positive scalar curvature metric go on 8qE to 
a fiberwise positive scalar curvature metric on E which is fiberwise of product form near 
diE. 

In view of the fact that d\W is identified with the trivial bundle S k x M — > S k we 
obtain a new family 

4>: S k ->■ Ricm+(M) 

of positive scalar curvature metrics on M. 

Unfortunately this need not be in the path component of g so that we modify our 
construction as follows. 

Let F: E —> [0,1] be the generic family of generalized Morse functions in normal form 
that was used for the construction of the fiberwise metric of positive scalar curvature on E. 
Then the image of the set of birth-death singularities 

n(A 2 (F)) c S k 

is an immersed submanifold of dimension k — 1 and hence not equal to S k . Let t £ S k be 
a point not lying in this image. The singularities of the restriction f t : E t — » [0, 1] are only 



of Morse type. In view of Addendum 3.4 we can assume that they have not only coindex 
at least 3 but also index at least 3. We set W — E t , consider the constant family of Morse 
functions 

pconst ; S k XW ->[1,2], (c, w) H> 2 - f t (w) 

and the resulting family of Morse functions 

F U F const : E U dlE=sk xdlW (S k x W) -> [0, 2] 

on the bundle E together with an upside down copy of the trivial bundle S k x W — > S k . 
Using [22, Theorem 1.4], we can extend the family of positive scalar curvature metrics on 
E to the new fiber bundle 

E' = EU dlE=skxdlW S k xW~>S k . 

Note that the restriction of the Morse function F U F const to the fibre E[ over t is the 
smooth function 

WU dl W=diW W -> [0, 2] 

given by f t on the first and by 2 — f t on the second copy of W. It therefore induces a 
handle decomposition in which each handle of index i in the first copy of W corresponds 
to a handle of coindex i in the second copy (in a canonical way). Hence the positive 
scalar curvature metric obtained on E' t by the method from [22], which on the single fibre 
E' t restricts to the classical construction from |9], can be assumed to coincide on the two 
copies of W (glued together at d\W). In particular we can assume that the resulting metric 
on E' t restricts to go on both ends. 

This means that the family of positive scalar curvature metrics 

4>'\ S k -> Ricm+(Af) 

on the upper boundary component d\E' is in the path component of go. 

Proposition 4.1. For this family of metrics <j)' we get 

AxW) = A{p) o, 



where P is the total space of the bundle from Theorem 1.3 
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Proof. By definition 

A^') = md(D g ), 

where g is a metric on (S k x [0, 1]) x M interpolating between the constant family (go) 
on (S k x 0) x M and the family (f> on (S k x 1) x M, both families being scaled by an 
adiabatic constant with respect to some metric on S k . 

We can isometrically glue (S k x [0, 1]) x M along top and bottom to E' to obtain a 
new spin manifold P' . Because E' carries a metric of positive scalar curvature, the gluing 
formula for the APS index yields 

ind(£> 9 ) = A(P'). 

Notice that the underlying smooth manifold P' is just obtained from E' by identifying 
the two boundary components. A fiber P' x over x € S k is depicted in Figure 3. 

Let us now write P' — P' M to denote the dependency of M. By construction P' M is 
obtained as the fibered connected sum of Pg^-h-x an d the trivial bundle S k x M x S 1 , 
which has trivial A-genus. By bordism invariance we conclude that A(P' M ) is independent 
of M, so we may assume that M = S An ~ k ~ 1 , i. e. that no connected sum construction has 
been performed. 

In this case we carry out fiberwise two coindex-zero surgeries on the two copies of 
M = S 4n ~ k ~ 1 inside the fibers of P' sin - k -i as shown in Figure 3. We get a bordism from 
P' S 4n-k-i to the disjoint union of the manifolds P and S k x F, where F is the fibre of the 
bundle F — > P —> S k we started with. The claim follows since the manifold S k x F has 
again vanishing A-genus. □ 

Because A„ is a homomorphism we can conclude that 7r^ (Riem + (M) , go) contains 
elements of infinite order, if fc > 0. For fc = we use the fact that A(P) can assume 
infinitely many integer values for different bundles F — » P — » S° so that ttq Ricm + (M) 
is infinite. 

Now consider the chain of group homomorphisms (for fc = the first map is just a map 
of sets) 

7r fc (Riem + (M), 3o ) -> «£(Riem + (M)) -> fif pm (Riem+(Af)) -> H k (Ricm + (M)) 

where the superscript fr stands for framed bordism. Because the invariant A is integer- 
valued and defined on Spin bordism, it follows that the image of our non-trivial homotopy 
classes remain non-zero in rational framed bordism. Rational framed bordism and rational 
singular homology being naturally isomorphic we conclude the proof of part a) of Theorem 

o 

Together with Corollaries |2 . 3 1 and |2 ,4| we also obtain Theorem 1 1 . 1 1 and part a) of The- 
orem Q~TT] 

It remains to prove part b) of Theorem |l.l 1| 

Proposition 4.2. Let M be a simply connected spin manifold which is a strongly A- 
multiplicative fiber in degree k and admits a metric of positive scalar curvature go- Then 
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the invariant A^ factors through the image of the canonical map 

ft| r (Riem + (M)) -> 0£(Riem+(M)/Diff Ko (M)). 

Proof. Precomposing the canonical map from framed to spin bordism yields a map 

A fr : 0|(Riem + (M)) ->Z. 

We note that each diffeomorphism in DifFj; (M) is spin structure preserving, because M 
is simply connected by assumption. 

Let B be a closed stably parallelizable manifold of dimension k, let <f> '■ B — > Riem + (M) 
be a continuous map and assume that there is a compact stably parallelizable manifold Y 
with boundary B together with a map $ : Y — >• Riem + (M)/ DirT^ (M) so that 

= 7T O (f) 

where tt: Riem + (M) — > Riem + (M)/ Diff ^ (M) is the canonical projection. We need 
to show that Af r (0) = 0. 

On the one hand, because Riem + (M) — > Riem + (M) / Diff (M) is a fiber bundle 
projection, the map $ gives rise to a (non-trivial) smooth bundle E — > Y with fiber M and 
structure group Diff Xo (M) equipped with a fibrewise metric of positive scalar curvature. 
As the map $ restricts to tt o <\> on the boundary, the bundle E\gy admits a trivialization 
E\qy = S x M such that the family of metrics coincides with the one given by (j>. 

On the other hand we consider the trivial bundle Y x M — > Y equipped with the 
constant fibrewise metric go of positive scalar curvature. 

After choosing a Riemannian metric on Y, a horizontal distribution on the bundle E — > 

Y and scaling the fibrewise metrics on E — > Y and M x Y — > Y by an adiabatic constant, 
we get positive scalar curvature metrics qe and gyxM on the total spaces E and Y x M. 
Both of these total spaces admit canonical spin structures, so that the APS indices of E and 

Y x M equipped with these metrics vanish. 

Choose a metric g on (B x [0, 1]) X M inducing the restriction of gyxM on(BxO)xM 
and the restriction of g^ on (B x 1) x M. 

From this we obtain a fibre bundle with fibre M, total space 

X = (Y x M) |J (B x [0, 1]) x M |J E 

dYxM=(BxQ)xM (Bxl)xM=dE 

and base 

Y (J B x [0, 1] (J y. 

ar=Bxo Bxi=av 

We have A(X) = 0, because M is assumed do be a strongly A-multiplicative fibre in 
degree k and the base manifold of this bundle is parallelizable. Hence 

i fr (0 = indtD^jJ + ind(D g ) + ind(D„) = A{X) = . 

as required. 

The proof of part b) of Theorem [TTTT] is now complete. □ 

5. Proof of Theorem [T3] 

Let us first assume k > 1, the case k = being postponed to the end of the proof. 
The construction of P is in several steps. Let a>fc/4 + 2bea natural number, let either 
j3 = a+ loi/3 = a + 2 and n = a + [3. We consider the trivial fibration 

<f) : P = S k x S 4a - k x S 413 -> S k 

with (path connected) total space of dimension An. By choosing a appropriately we can 
assume in addition that the fibre S 4a ~ k x S 4 " of </>o is Z-connected. 

We first apply the following result of surgery theory, in which t; Pq — > Biti(Pq) 
denotes the classifying map of the universal covering. 
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Theorem 5.1 (|7„ Theorem 6.5]). Let L e 0,->i H ij (P ; Q) be a class such that 

r*(£n [P ]) = o e tf 4 „- 4 *(iMPo);Q)- 

r/zen f/iere is iome non-zero integer R and a homotopy equivalence f : P\ — ¥ Pq of closed 
smooth manifolds such that the L-polynomials of Pq and Pi satisfy the equation 

L(P 1 ) = r(L(P ) + RC). 

Sketch of proof. As we need a slight modification of the argument later, we sketch the 
proof. For more details and proofs or references to some of the statements made below we 
refer the reader to Q. 

At first we identify the set of topological normal invariants on Pq with [Pq, G/ Top], 
which we equip with the Abelian group structure so that the surgery obstruction is a group 
homomorphism. The isomorphism 

I: [P , Gj Top] ®Q^0 (P , Q) 

j>0 

sends the class of a degree one normal map / : (Pi, TP\) — > (P , £) to the class £(f) — 
|(L(^)L(Po) _1 — 1). Thus if we choose a normal invariant / such that 1(f) = RCL(Pq)~ 1 , 
then the desired equation of L-polynomials for L(Pi) = f*L(^) follows. 
Next, the surgery obstruction 

[P Q , G/ Top] <g> Q -> L 4n (Z) ® Q = Q 

factors along 

[P , Gl Top] Q f H 4k (P ;Q) ^ p «^ p < 

k>0 

fl" 4 „_4*(Po;Q) ^ F 4 n-4*(P7ri(Po);Q)- 

Hence the assumption implies that the surgery obstruction of such a normal invariant is 
zero. 

Finally it follows from 1 23 1 that if R is divisible by some appropriate large integer, then 
the corresponding normal invariant is represented by a smooth normal invariant whose 
surgery obstruction still vanishes. This implies the claim of the theorem. □ 

We apply this result to the following situation: Let 

e k eH k (S k ;Z), e 4a _ k £ H 4a ~ k {S ia ~ k ; 1), e ip £ H^(S if) ; Z) 

be generators. As Pq is stably parallelizable, L(Po) = 1. Moreover, tti(Pq) is trivial if 
k > 2 or infinite cyclic if k = 1. We conclude that we can find R ^ and a homotopy 
equivalence 

/: Pi^Po 

of smooth closed manifolds so that all homogeneous components of the Hirzebruch L-class 
of Pi vanish except 

L a = R ■ (efc x e4 a _fe), Lp — R- e±p, 
where R is some non-zero integer. Here we use the identification 

f*:H*{S k x S 4a - k x S 4f3 ;Q) £ £P(P i; Q). 

We will show that a manifold with the above properties automatically has non-zero 
A-genus. For j > 1 we denote by Xj e Q the coefficient of the degree 4j Pontryagin 
class pj in Lj(p\, ...,Pj), and by the corresponding coefficient of the A-polynomial 
Aj{pi,...,pj). 
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Lemma 5.2. We have 



2^(2^- 1 -l) 



where Bj denotes the j-th Bernoulli number, defined by the relation (cf. 1171 p. 281]) 



-^- = 1+F(-1) J '" 1 7^t(2^ 
tanhx j-f ' (2j)! v ' 

Proof. According to [17, Problem 19-C] we have equations 



1 2' 



dt 



where 



tanh(\/i) sinh(i\/i) 

are the formal power series for the multiplicative sequences {L n } and {A n }. 
For the A-polynomial we compute 



A(t) 



d(t/A(t)) _ 1 1 5^ 



2 2tanh(|v^)" 

So that (setting a; = J \ft in the relation defining the Bernoulli numbers) 

k ditlAit)) X - ^ 

y ' dt 2 ~i ( 2 -?) ! 

This implies the second equation. The first equation appears explicitly in ifTTl Problem 
19-C] or can be obtained by similar methods. □ 

This lemma implies that all \j and are different from zero. By our choice of /3 = 
a + 1 or /3 = a + 2, it follows recursively that all the Pontryagin classes of Pi vanish 
except possibly p a , pp, and p n , and that p a and pp as well as p a ■ pp are non-zero. 

Let us write the degree 4n-components of the L- and the A-polynomial of an arbitrary 
vector bundle with vanishing pj for j ^ a, f3, n as 

L n (Pa,Pp,Pn) = \„ ■ Pn + ^ ' PaP/3 
A n (p a ,Pl3,Pn) = A^ ■ p n + p, A ■ p a pp . 

with rational numbers p L , /i . 
Proposition 5.3. We have 

p^^p* 

and hence the following implication for a An-dimensional connected oriented manifold M 
with pj (M) — Ofor j ^ a, f3,n holds: 

If p a (M) -pp{M) ^ and L(M) = 0, then i(M)^0. 
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Proof. This is a calculation in universal characteristic classes. To keep the notation trans- 
parent, assume that E a , Ep are vector bundles with total Pontryagin classes 1 + p a and 
1 + Pb, in particular L n (E a ) = = L n (Ep). By the multiplicativity of the total Pontrya- 
gin class and the universal L- and ^-polynomials we obtain 

Pn{E a ® Ep) = p a ■ pp, Pa(E a ® E p ) = p a , pp(E a Ep) — pp. 

This implies 

(A£ + n L ) ■ (p a ■ pp) = L n (E a 8 Ep) 

= L n (E a ) + L n (Ep) + L a (E a ) ■ Lp(Ep) = \ L a ■ \ l fj ■ ( Pa ■ pp), 

and hence 

An analogous computation shows 

X- 4 4- ,, A — \ A \ A 

so that altogether we obtain 

1 , M = A » A /3 i | M A a A /3 
\L \L ' A- 4 \A ' 

From Lemma|5]it follows that 

fi L _ 2(2 2 "- 1 - 1)(2 2 ^- 1 - 1) X A \ A _ 2(2 2 "- 1 - 1)(2 2 ^^ 1 - 1) /V \ 

1+ K 2 2 «-i - 1 XT " 2 2 «-i - 1 IaJ + 7 ' 

Because — 2 2"-i-i — — ^ ^ 1 the conclusion follows. □ 

If k = 1, then the map 

is homotopic to the projection map of a smooth fiber bundle. This follows from Farrell's 
obstruction theory over the circle JS] Theorem 6.4]. Note that in the case at hand 0o ° / in- 
duces an isomorphism of fundamental groups, so that the kernel of the 7Ti-homomorphism 
is the trivial group. By (Sj Remarks on p. 316], the fibering obstructions vanish and one 
only has to check that the universal covering of Pj is homotopy equivalent to a finite CW- 
complex. But this is homotopy equivalent to the universal covering of Po and therefore has 
this property. 

If k > 2 the map <fio o f will usually not be homotopic to a fiber bundle projection and 
a more complicated construction is needed. The theory which is relevant for the following 
discussion was developed by Casson [4] and Hatcher ifTTl . 

Recall that for any continuous map / : X —> Y of topological spaces, the homotopy 
fiber L of / is the fiber of the map 

E f -> Y 
(x,j) h-> 7 (1) 

where 

Ef = {(ar,7) I x £ X,-/: [0,1] -> y, 7 (0) - f(x)} . 
Let b £ S m be the north pole, viewed as base point in S m . Let V be a closed smooth 
manifold V equipped with a smooth map / : V — > S m such that the homotopy fiber is 
simply-connected. Casson [4, Section 1] defines such a map to be a pre-fibration if the 
point b £ S m is a regular value, is simply-connected and the canonical inclusion 

f-\b)^L, v*+(v,r-t»f(v)) 

of the point-preimage into the homotopy fiber of / is a weak homotopy equivalence. In 
this case the smooth manifold F = is called the fiber of (V, /). 
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Proposition 5.4. If R is chosen appropriately, then the map 4>q o f : Pi — > S k constructed 
above is nomotopic to a pre-fibration <f>i : Pi — > S . 

Proof. After applying a homotopy to <f>o o f we obtain a map g for which the value b G S 
is regular with some fiber F. By [4 , Lemma 4] we can assume that F and Pi\F are simply 
connected. By [4, Lemma 2 and the proof of Theorem 1] the inclusion from F into the 
homotopy fiber of g is a degree one normal map. From [4, Theorem 1 and page 497] we 
know that the obstruction for g to be homotopic to a pre-fibration is given by the (simply- 
connected) surgery obstruction of this degree one normal map. The surgery obstruction 
groups in odd dimensions being trivial, we have to distinguish between the cases where k 
is divisible by 4 and where k is congruent 2 modulo 4. 

In the case where k is divisible by 4, the surgery obstruction is an integer which (up to a 
multiple) is given by the difference of signatures. The homotopy fiber L' of g is homotopy 
equivalent to S ia ~ k x S 14 ' 3 , so that its signature is zero. On the other hand, by Hirzebruch's 
signature formula we obtain the signature of F (which is framed in Pi) by 

a(F) = (L(P 1 ),[F}), 

which is zero since by our choices of a and (3 there is no L-class in the relevant degree. 
In the case where k is congruent 2 modulo 4, the surgery obstruction group is cyclic of 



order 2. In the notation of the proof of Theorem 5.1 this surgery obstruction is given by 
the composite group homomorphism 

[P ,G/ Top] -> [S 4a - k x S^G/Top] -> L in _ k (Z) S Z/2 

where the first map is given by restriction. It follows that this obstruction becomes zero if 



the number R appearing in Theorem 5.1 is multiplied by 2. □ 



In general the map <f> 1 is not homotopic to an actual (smooth) fiber bundle: By the theory 
developed in [4 1 there is an obstruction lying in a homotopy group of a certain concordance 
space. Our goal is to show that (Pi, <fii) can be replaced by some (P2, fo) which fibers 
over S k . 

Casson JH Section 4] calls two pre-fibrations / : V — > S m and f':V'—> S m equiv- 
alent if there is a diffeomorphism V —> V compatible with / and /' in a neighborhood 
of This implies that the fibers of / and /' are diffeomorphic. Let F denote this 

common fiber. Following Casson, equivalence classes of pre-fibrations are classified as 
follows: Let A(F) be the simplicial group of block diffeomorphisms of F. Recall from 
ifTTl p. 5] that the fc-simplices in A(F) are given by diffeomorphisms of F x A k restricting 
to diffeomorphisms of F x r for each face of A k . An element in tt)-{A(F)) is represented 
by a self-diffeomorphism of F x D k which is the identity in a neighborhood of F x S x , 
and two elements agree if and only if they are concordant by a concordance which keeps a 
neighborhood of F x S k ~ 1 fixed. Thinking of D k as the northern hemisphere C S , 
such an / extends by the identity map to a self-diffeomorphism /' of F x S k . We may 
use /' to glue two copies of F x D k+1 along their common boundaries to obtain a closed 
manifold V which comes with a canonical projection to S k+1 , collapsing F x to a 
point, which is easily seen to be a pre-fibration which we call V(x). 

Proposition 5.5. Let F be simply connected and of dimension at least 6, and let k > 2. 
Then the rule x 1— > V(x) defines a one-to-one correspondence between TTk-iA(F) and 
equivalence classes of pre-fibrations over S k with fiber F. 

Proof. This is Lemma 6], once one has identified TTkA(F) with what Casson calls 
Dk{F). The latter group is given by the diffeomorphisms of F x S k keeping a neigh- 
borhood of F x D_ pointwise fixed, modulo concordance keeping F x D_ pointwise 
fixed. (Here Z3*i is the lower hemisphere.) There is a canonical map Dk(F) — > TTkA(F) 
given by restriction of a diffeomorphism to F x D+. Its inverse is given by extending a 
diffeomorphism of F x by the identity. □ 
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For a pre-fibration / : V — > S k with fiber F, which we assume to be simply connected 
and of dimension at least 6, we denote by h(V, f) € irk-iA(F) the corresponding element. 
We call this the characteristic element of the pre-fibration. We now formulate a condition 
when a pre-fibration is equivalent to a fiber bundle. 

Let A(F) be the simplicial group of diffeomorphisms of F, where the fc-simplices are 
given by diffeomorphisms of F x A k which are compatible with the projection to A fc . 
Note that A(F) is a simplicial subgroup of A(F), which is in general not normal. 

If x € irkA(F) lies in the image of irkA(F), then V(x) is obtained (up to equivalence) 
by gluing two copies of V x D k along a diffeomorphism V x £* _1 which is fiberwise 
over S . It follows that the projection V(x) — > S k is a smooth fiber bundle. Using the 
exact sequence 



ir k A(F) -> ir k A(F) ^ n k (A(F),A(F)) 



we obtain: 



Proposition 5.6. Let f : V — >• S be a pre-fibration with simply connected fiber F of 
dimension at least 6 with characteristic element h(V, f) € ~K k —\A(F). Ifip(h) = £ 
TTk-i(A(F) ) A(F)), then f : V — > S k is (as a pre-fibration) equivalent to a smooth fiber 
bundle. 

For a closed smooth manifold K we consider the pre-fibration 

</>i x id : Pi x K -> S k (p, x) i-> x (p) 

with fiber F x K. Thenip(h(<f>x xid)) is the image of ip(h(4> 1 )) under the map of homotopy 
groups induced by the map 

(A(F),A(F)) -> (A(F x K),A(F x K)) 

which sends a diffeomorphism uj: F x A k — > F x A k to uj x id: F x A k x K — > 
F x A k x K. 

Proposition 5.7. For a closed smooth manifold K with vanishing Euler characteristic 
\{K) an d r > 0, the induced map 

w r {A(F),A(F)) -> ir r (A(F x K r ),A(F x K r )) 
is equal to 0. Here K r denotes the r-fold Cartesian product of K with itself. 
Proof. We consider the Hatcher spectral sequence [11, Proposition 2.1] 

E\ q = 7r q (C(F x P)) n p+q+1 (A(F),A(F)) . 
By ifTTl Proposition in Appendix I on p. 18], multiplication with K induces the zero map 
tt {C{F x P)) -> nj(C(F x P x K)) 

for each j, because x(K) = 0- This means that in the filtration of ir r (A(F), A(F)) 
induced by the i?°°-term of the Hatcher spectral sequence the map induced by the product 
with K reduces the filtration degree of each element by one. This implies the assertion of 



Proposition 5.7 □ 



Thus let K be a closed max(7, l)-connected smooth manifold with A(K) ^ and 
x{K) = 0. (For instance, we may use the construction at the beginning of this section for 



appropriate values of k, a and /?). Applying Lemma 5.7 to our previous construction we 
conclude that the pre-fibration 

0! x id: Pi x K k - X -> S k 

is equivalent to a smooth fiber bundle <p2- P2 — > S k . Because A(K) ^ we still have 
A(P 2 ) + 0. 
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It remains to prove that we can assume that we have a smooth section s : S k — » F 2 with 
trivial normal bundle. First notice that by choosing a and I large enough, there is a smooth 
section s: S — > F 2 , of which we would like to show that its normal bundle is trivial. 

Again the case k = 1 is the simplest one. In fact a real bundle over the circle is trivial 
if and only if its first Stiefel-Whitney class vanishes, and the first Stiefel-Whitney class of 
the normal bundle agrees with w\(Pq) = 0. 

In the case where k > 2 we argue as follows. Since we are in the stable range, the 
normal bundle is classified by an element in -k^BO. If k = 3, 5, 6, 7 modulo 8, the group 
tt^BO is zero, so that the normal bundle is automatically trivial. In the cases where k = 41 
is divisible by 4, we have -n^BO = Z and non-trivial bundles over S may be detected 
by their l-th rational Pontryagin classes. The Z-th rational Pontryagin class of the normal 
bundle is equal to s*(j>i(P2)) € H (S ;Q). But by the above construction of P2 this 
class is equal to 0, so that the normal bundle is trivial in this case, too. 

The remaining cases are k = 1 or 2 modulo 8, in which case tt^BO = Z/2. We do not 
see a general reason why the normal bundle should be trivial in this case, but we describe 
a procedure how to change the pre-fibration <pi : P\ — > S so that the normal bundle of the 
embedded S in Pi becomes trivial. Since P2 is diffeomorphic to Pi x K k ~ x , this will 
imply that the normal bundle of the embedding S k — > P2 is also trivial. 

Recall that by Casson's classification result, if dimF > 6 and F is simply conneced 
any pre-fibration over S k with fiber F is equivalent to one of the form V(x), with x £ 
irk-iA(F). If F is fc-connected and at least (k + 2)-dimensional, then there is an embed- 
ding S k — > V(x) such that the composite map S k — > V(x) — > S k is homotopic to the 
identity, and any two such embeddings are isotopic. We call such an embedding simply 
the embedding of S k into V(x) and denote by v x : S k — > BO the classifying map of its 
normal bundle. 

Lemma 5.8. Suppose that F is k-connected and at least (k + 2)-dimensional (where 
k > 2), and let x, y € nk-iA(F). Then the normal bundle of the embedding of S k into 
V(x + y) is classified by v x + v y . Moreover 

A(V(x + y)) = A(V(x)) + A(V(y)). 

Proof. Let x and y be represented by automorphisms a and j3 of F x D k ~ x , fixing a 
neighborhood of F x S k ~ 2 , and denote by a' and /?' the corresponding automorphisms of 
F x S k ~ 1 . Because the element x + y is represented by the composition /? o a, the space 
V (x + y) can be written as a "fibered connected sum" 

V(x + y) = F x D k + IV F x S^ 1 x [0, 1] U^^ F x D k _. 

We use this identification to describe the embedding of S into V(x + y). To do that, 
let us first describe the embedding i x of S into V(x). Choose a base point * E F. On the 
lower hemisphere D_ the embedding i x is given by the inclusion z_ : D_ — > D 1 ^ x F at 
the base point. The composite 

S k - 1 ^ S 1 "- 1 x F ^> S k xF 

extends continuously to a map — > x F (coning off and using a null homotopy 
of the map pr F o a' o %_ : S k — >• F). The extension may be approximated by a smooth 
embedding i + in such a way that i + and «_ together define the embedding of S k into V(x). 

Similarly one obtains a choice of the embedding i y of S k into V(y) which is the inclu- 
sion at the base point on the upper hemisphere. Denoting the embedding at the base point 
by j : S*- 1 x [0, 1] ->• F x S^ 1 x [0, 1], it follows that 

i x \ D H UjiJi y \ Dk _ : D k + U S^ 1 x [0, 1] U D k _ -> F x D k + \J a , F x S^ 1 x [0, 1] \J p , F x D k _ 
defines the embedding of S k into V(x + y). 
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The normal bundle of this embedding is given by v x \ D k on D+ and by v y \ D k on D_, 

while on S^" -1 x [0,1] the normal bundle is trivialized. It follows that the classifying map 
v x+y factors as 

S k -> S k V S k BO 
where the first map is the pinch map. But this composite defines the sum v x + v y in the 
homotopy group iti-BO so that the first statement follows. 

Finally notice that V(x + y) is obtained from V(x) II V(y) by cutting out two copies 
of F x D k and gluing along the resulting F x S k ~ 1 boundaries, defining a parametrized 
connected sum. Hence there is a standard bordism between these V(x + y) and the disjoint 
union V(x) U V(y). This implies the second statement. □ 

Suppose now that in our situation, the normal bundle of S k in Pi — V(x) is non-trivial. 
As iTkBO has order 2, replacing Pi by P[ = V(2x) yields a pre-fibration with the same 
fiber F, whose section has trivial normal bundle and such that 2A{P\) = A{P[) j£ 0. This 



completes the proof of Theorem 1.3 in the case k > 1 



If k = we can use the same construction as for case k > 1, but starting with Pq 



S 4a x S A P . With Theorem 5.1 Lemma and Proposition 5.3 we find an N(0,l) so that 
for all n > N(0, 1) there is a 4n-dimensional /-connected closed spin manifold F with 
A(F) 7^ 0. Now we define E as the disjoint union of two copies of the spin manifold F. 
The surjective map to S° is constant on each component. 
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